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Inﬂatable structures are membrane-like structures which
acquire bearing capacities when submitted to an internal pres-
sure. They possess highly interesting mechanical properties
which account for their increasing development: they are light,
easy to be folded, rapidly deployable, their storage volumes are
small compared to standard structures and their manufacturing is
less expensive.
Inﬂatable structures may be of various shapes; however, the
geometry most investigated in the literature is the cylindrical
tube as this is the component of many inﬂatable structures.
Several studies have been carried out on inﬂatable tubes modeled
as beams. The pioneering works were due to Comer and Levy [1]
and Douglas [2] who provided analytical expressions for the
deﬂection in an inﬂated cantilever beam assuming Bernoulli’s
kinematics. Later on, Webber [3] extended the results to beams
subjected to bending and twisting. Main et al. [4] undertook
experimental works and compared them with Comer and Levy’s
[1] analytical results. They also took into account the biaxial state
of the fabric in [5] and were the ﬁrst to investigate the dynamic
response of inﬂatable beam structures made of orthotropic
materials [6]. More recently, the behavior of inﬂatable tubes
submitted to distributed loads in ocean aquaculture was investi-
gated by Suhey et al. [7].
Other works have been conducted in order to better take
account of the shear effect in inﬂatable beams. Steeves [9]1proposed a theory based on the principle of minimal potential
energy including the transverse shear deformation and gave the
solution in terms of Green functions. Fichter [8] obtained a load–
deﬂection formula where the inﬂating pressure appears explicitly
in the shear stiffness by assuming Timoshenko’s kinematics.
Adopting the same kinematics, Wielgosz and Thomas [10] pro-
posed a theory dedicated to highly inﬂated panels, taking into
account the deformed conﬁguration and the internal pressure as a
following force. The results were subsequently extended to highly
inﬂated tubes in [11]. By reformulating Fichter’s formulation with
the virtual work principle, Le van and Wielgosz [12] obtained
simple formulae involving the pressure both in the bending
and shear stiffnesses. Their results were extended to the study
of the dynamic behavior of inﬂated beams by Thomas et al. [13]
and more recently to the case of orthotropic fabrics by Apedo
et al. [14].
In fact, the study of an inﬂatable beam should be concerned
with two successive stages: (i) the inﬂating stage when the beam
is only submitted to the internal pressure and acquires its bearing
capacities; (ii) the bending stage when the inﬂated beam is
subjected to other external loadings. The above-mentioned stu-
dies were mainly focused on the second stage, assuming that the
inﬂated state, which deﬁnes the reference conﬁguration of the
beam, is known. The reference radius and length, which vary as
functions of the pressure, were computed from linear formulae
in Le van and Wielgosz’s paper [12], and also in Wang et al.
analysis [15] of the wrinkling and collapse of inﬂated beams.
These formulae are a good approximation in the linear context as
long as the beam undergoes small deformations. However, one
needs to use exact relations for the reference geometry in the
case when the beam is submitted to high pressures giving rise to
ﬁnite deformations. As it turns out, the precise knowledge of the
reference geometry of the beam is a necessary condition for the
accurate prediction of the subsequent bending response. This
question was ﬁrst dealt with by Douglass [2] on an inﬂated beam
made of an incompressible isotropic hyperelastic material.
This paper focuses on the inﬂating stage of the beam and aims
to an exact solution for an inﬂatable cylindrical tube made of
an orthotropic membrane, with the orthotropy axes parallel to
the circumferential and longitudinal directions of the cylinder.
The analysis is carried out in the framework of ﬁnite deformations
with a Saint-Venant Kirchhoff material. The solution of the
problem will be shown to reduce to solving a cubic equation
and analytical relations will be given for the ﬁnal geometry as
well as the resultant stresses in the membrane. In the last section
of the paper, numerical computations will be made on different
kinds of constitutive fabrics of the membrane and the results will
be shown to compare very well with those obtained from a ﬁnite
element code.2. Analytical solution for an inﬂated orthotropic thin tube
The analytical solution for an inﬂated cylindrical tube made of
a hyperelastic isotropic material and undergoing ﬁnite deforma-
tions can be found in [16, pp. 253–256]. Here, the analytical
solution for an orthotropic tube, in the limit case of vanishing
thickness, is established in the same spirit as in the isotropic case.
The problem is formulated in ﬁnite deformations and one has to
distinguish between the reference and the ﬁnal conﬁgurations of
the tube.
Consider a tube of inner radius A, outer radius B, thickness
H¼ BA and length L in the reference state, see Fig. 1. The tube is
closed with rigid end caps and submitted to an internal pressure
p. In the ﬁnal inﬂated state, the inner radius is denoted a, the
outer radius b, the thickness h¼ ba and the length ‘. The tube
is made of an orthotropic material, with the warp direction
parallel to the tube axis and the weft direction parallel to the
circumference.
We shall choose the cylindrical coordinate system, with basis
vectors er , ey, ez, to describe the axisymmetric problem. The
position of any particle of the tube in the reference state is
X¼ RerþZez, where R is the reference radius and Z the reference
axial coordinate. The position of the same particle in the ﬁnal
state is x¼ rerþzez. The deformation is deﬁned by
r¼ rðRÞ, z¼ lzZ ð1Þ
where the function r(R) and the constant lz are to be determined.
The deformation gradient tensor then is
F¼ lrðRÞer  erþlyðRÞey  eyþlzez  ez
where lrðRÞ ¼ dr
dR
and lyðRÞ ¼
r
R
ð2Þ
It is assumed that the tube is made of a hyperelastic ortho-
tropic material obeying the Saint-Venant Kirchhoff law R¼D:E,
relating the second Piola–Kirchhoff stress tensor R to the Green
strain tensor E¼ ðFTFIÞ=2 via the elasticity tensor D (the symbolA
H
B
Rz
ez
er
eθ
L
Fig. 1. Reference geometry of the tube.
2‘:’ denotes the double contraction between the fourth-order
tensor D and the second-order tensor E). Young’s moduli in the
longitudinal (warp), transversal (weft) and normal directions
are denoted E‘ , Et and En, respectively; Poisson’s ratios are nij,
i,jAf‘,t,ng satisfying nij=Ei ¼ nji=Ej. Here, since the orthotropy
directions are parallel to the vectors of the cylindrical basis, the
second Piola–Kirchhoff stress tensor is
R¼Srrer  erþSyyey  eyþSzzez  ez ð3Þ
where the stress components are related to the strain compo-
nents by
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The Cauchy stress tensor can be derived using by
r¼ ð1=JÞFRFT , where J¼ det F¼ lrðRÞlyðRÞlz. It then follows that
r¼ srrer  erþsyyey  eyþszzez  ez, where
srrðrÞ ¼
lrðRÞ
lyðRÞlz
SrrðRÞ, syyðrÞ ¼
lyðRÞ
lzlrðRÞ
SyyðRÞ
szzðrÞ ¼
lz
lyðRÞlrðRÞ
SzzðRÞ ð5Þ
Let us now assume that the tube is very thin, i.e. H5A, and
accordingly make the following assumptions:
ðiÞ The stretches lr and ly do not depend on R: ð6Þ
ðiiÞ The radial stress is much less than the hoop and axial
stresses:Srr5Syy and Szz: ð7Þ
Consider the relationship 9dx9=9dX9¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
NCN
p
, where C¼ FTF is
the right Cauchy deformation tensor, dX is a material line element
and dx the spatial counterpart. Here, the cylindrical components
of the deformation gradient tensor F are constant in view of
Relation (2) and assumption (6). Consequently, Relation dx¼ FdX
and then 9dx9=9dX9¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
NCN
p
also hold for any vectors dX and dx,
not necessarily of inﬁnitesimal lengths. Thus, the latter relation-
ship can be applied to a point on the internal wall of the
membrane, with dX¼Her , N¼ er , then dx¼ her , to give the
stretch lr in terms of the thicknesses
h
H
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
erCer
p
¼ lr ð8Þ
The ﬁnal thickness-to-radius ratio h=a can be recast as
h
a
¼ h
H
H
A
A
a
¼ H
A
lr
ly
ð9Þ
For the inﬂated membrane at hand, one should have
ly ¼ a=AZ1 and 0rlr ¼ h=Hr1, ratio lr=ly is then bounded
and the assumption H=A51 leads to h=a51. On the other hand,
taking into account assumption (7) in Relation (4) entails the
constitutive law in plane stress conditions:
Syy
Szz
( )
¼ Et n‘tEt
nt‘E‘ E‘
" #
Eyy
Ezz
( )
ð10Þ
where E‘ ¼ E‘=ð1nt‘n‘tÞ and Et ¼ Et=ð1nt‘n‘tÞ.
From assumption (6) and Relation (10), the Piola–Kirchhoff
stresses Syy and Szz do not depend on R. This, in turn, shows that
the Cauchy stresses syy and szz in (5)b–c are independent of r. The
hoop stress syy is obtained by integrating the equilibrium
equation srr,rþð1=rÞðsrrsyyÞ ¼ 0 and taking into account bound-
ary conditions srrðr¼ aÞ ¼p and srrðr¼ bÞ ¼ 0 on the inner and
Table 1
Material properties of the membranes.
Fabric no. 1 Fabric no. 2
Ent (Pa m) 50 000 50 000
En‘ (Pa m) 50 000 35 000
Gn‘t (Pa m) 12 500 12 500
n‘t 0.08 0.3
nt‘ 0.08 0.21
Fig. 2. A typical ﬁnite element mesh and the deformed shape after inﬂation.outer walls:
syy ¼
pa
h
¼ pA
H
ly
lr
ð11Þ
whereas the axial stress szz is derived from boundary conditionR
Sðz ¼ ‘Þszz dS¼ ppa2 on the end cross-section z¼ ‘ and the above
property h=a51:
szz ¼ p
a2
b2a2
¼ p a
2
2ah 1þ h
2a
   pa
2h
¼ pA
2H
ly
lr
ð12Þ
Eventually, combining Eqs. (5)b–c with (10)–(12) leads to a set
of two equations with two unknowns lz and ly:
l3z þ
2n‘tpA
En‘
l2z
pA
En‘
l2ylz ¼ 0
l2ylz
2pA
Ent
l2z þ
pAnt‘
Ent
l2ylz ¼ 0
8>><
>>:
ð13Þ
where Ent ¼HEt and En‘ ¼HE‘ are the products of Young’s moduli
with the reference thickness of the membrane. Note that the
thickness can hardly be measured in thin membranes and only
the products Ent and E
n
‘ can be determined experimentally.
Let us extract ly from (13)a:
l2y ¼
En‘
pA
l3z þ2n‘tl2z
En‘
pA
lz ð14Þ
Inserting this expression into (13)b then gives a cubic equation
with unknown lz:
l3z þ
3pAn‘t
En‘
l2z 1þ
2p2A2
En‘E
n
t
ð1n‘tnt‘Þ
" #
lzpA
En‘
ð1þn‘tÞ ¼ 0 ð15Þ
Eq. (15) of the form l3z þbl2z þglzþd¼ 0 can be solved using
Cardan’s formula. The solution depends on the sign of the
discriminant D¼Q2þ4P3=27, where P¼ gb2=3 (to be distin-
guished from the internal pressure p) and Q ¼ 2b3=27bg=3þd.
For all the usual numerical values of technical fabrics considered
in this work, one ﬁnds Po0 and the discriminant D is negative.
Consequently, use may be made of Viete’s formulation to obtain
an analytical expression for lz:
lz ¼ 2
ﬃﬃﬃﬃﬃﬃﬃ
P
3
r
cos
j
3
 
 pAn‘t
En‘
with j¼ arccos 3Q
2P
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
P=3
p A p,p½
ð16Þ
The ﬁnal radius and length of the membrane tube are then
obtained by a¼ lyA and ‘¼ lzL. The resultants of the Cauchy
stresses on the thickness are given by hsyy ¼ 2hszz ¼ lypA. The
thickness ratio h=H cannot be determined as it involves material
properties in the radial direction which are unknown.
It should be noted that in small deformations, ly  1 and
lz  1, Relations (14) and (15) can be linearized to give
a¼ Aþ pA
2
2Ent
ð2nt‘Þ, ‘¼ Lþ
pAL
2En‘
ð12n‘tÞ ð17Þ
These results are very close to Apedo’s analytical solution [14].3. Numerical validation
In this section, Relations (14) and (16) are applied on a tube of
reference radius A¼0.15 m, reference length L¼3 m and refer-
ence thickness H¼103 m; and the results are compared to those
obtained with ﬁnite element results just in order to verify the
consistency of the analytical solution.
The tube is made of a thin fabric which is modeled as a
membrane. Two typical coated fabrics are considered with the
material properties summarized in Table 1. Fabric no. 1, similar to3that used in [14], is a balanced fabric with equal warp and weft
moduli En‘ and E
n
t , whereas fabric no. 2 is unbalanced. The
coefﬁcient Gn‘t ¼HG‘t , equal to the product of the shear coefﬁcient
of the fabric with the reference thickness, is not involved in
the analytical solution but is necessary for the ﬁnite element
computations below.
All the analytical results obtained from Relations (14) and (15)
are compared with ﬁnite element results provided by a general
purpose in-house program dedicated to nonlinear structural mech-
anics problems. The ﬁnite element method is used to discretize the
total Lagrangian formulation of the continuum problem and gives
rise to a algebraic nonlinear equation systemwhich can be solved by
the Newton iterative scheme. The tangent stiffness matrix is the
sum of the stiffness due to the internal forces and the stiffness due
to the pressure which is a follower loading.
For the ﬁnite element computations, the tube is discretized
into membrane elements with zero bending stiffness and the
pressure p is applied incrementally. At the ﬁrst step when p is
zero, the stiffness matrix is singular and it is necessary to add
a small ﬁctitious pre-stress for the convergence. This pre-stress is
immediately removed in the subsequent steps.
Due to the symmetry, only half of the beam has to be
discretized. In the section z¼0, the axial displacement of all
nodes is prescribed to zero, in-plane displacements of some
adequately chosen nodes are also set to zero in order to eliminate
rigid-body motions, without preventing radial displacements. The
mesh contains 3003 nodes and 943 six- or eight-node isopara-
metric membrane elements, see Fig. 2. The chosen mesh proves to
be sufﬁcient for all numerical computations of interest since in
the case of the fabric no. 1 submitted to pressure p¼105 Pa for
instance, the difference with a ﬁner mesh containing 8183 nodes
is only 0.068% on the length and 0.0015% on the radius.
Fig. 3 shows the change of geometry obtained with the ﬁnite
element membrane computations as the pressure p varies from
20 kPa to 200 kPa. As can be seen in Fig. 2, the change in geometry
may be signiﬁcant so that the nonlinear computations are quite
necessary. The ﬁnal length ‘ of the inﬂated tube is obtained from
the axial displacement of any particle belonging to the intersec-
tion between the cylindrical surface and the end cross-section
(the initial and ﬁnal positions, M0 and M, of such a particle are
shown in Fig. 2). The ﬁnal radius a is uniform over about 95% of
the length and is measured at half-length of the tube.
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Fig. 3. Change of the geometry versus the pressure with fabric no. 1, p¼20 kPa, 50 kPa, 100 kPa, 150 kPa, 200 kPa.
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Fig. 4. Radius and length versus the pressure. (Balanced) fabric no. 1: En‘ ¼ Ent ¼ 50 000 Pa m, Gn‘t ¼ 12 500 Pa m, n‘t ¼ nt‘ ¼ 0:08.
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Fig. 5. Radius and length versus the pressure. (Unbalanced) fabric no. 2: En‘ ¼ 50 000 Pa m, Ent ¼ 35 000 Pa m, Gn‘t ¼ 12 500 Pa m, n‘t ¼ 0:3, nt‘ ¼ 0:21.
Table 2
Maximal differences between analytical and ﬁnite element results.
Linear approximation (Eq.
(17))
Nonlinear solution (Eqs. (14)
and (16))
Fabric no. 1 Fabric no. 2 Fabric no. 1 Fabric no. 2
Final radius, a (%) 2.21 3.42 o0:01 o0:01
Final length, ‘ (%) 10.56 16.47 0.38 0.48Figs. 4 and 5 show (i) the analytical values for the radius and
the length given by Relations (14) and (16), and (ii) the values
given by the ﬁnite element code, versus the internal pressure.
For both materials, the ﬁnal radius a and particularly the ﬁnal
length ‘ are nonlinear functions of the pressure.
Table 2 shows that the analytical solutions are in very good
agreement with the ﬁnite element results. At the highest pressure
p¼200 kPa, the maximal difference on the radius is less than
0.01% and that on the length less than 0.5%.
For comparison, the results from the linear approximation, Eq.
(17), are also displayed in Figs. 4 and 5 and Table 2. It can be seen
that the linear formulation deviates notably from the nonlinear
one as the pressure increases. For the balanced fabric no. 1 at4p¼200 kPa, the difference with the ﬁnite element results is about
2% for the radius and more than 10% for the length. For the
unbalanced fabric no. 2, the differences are more signiﬁcant:
about 3% for the radius and more than 16% for the length. This
shows that the nonlinear formulation (14) and (16) agree very
well with the ﬁnite element results.4. Conclusion
In this paper, analytical formulae have been proposed for an
orthotropic membrane tube obeying to the Saint-Venant Kirchh-
off hyperelastic law, with the orthotropy axes parallel to the
circumference and the axis of the tube, and inﬂated by an internal
pressure. As regards the geometry, it has been shown that the
ﬁnal length and radius of the tube can be obtained by solving a
simple cubic equation and that they vary as nonlinear functions of
the inﬂating pressure. In order to assess the analytical relations,
numerical examples have been carried out using different mate-
rial properties and the results have been found to be in very good
accordance with ﬁnite element computations.
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